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Spoon Feeding Differential Equations 



Simplified Knowledge Management Classes Bangalore 


My name is Subhashish Chattopadhyay . I have been teaching for IIT-JEE, Various International 
Exams ( such as IMO [ International Mathematics Olympiad ], IPhO [ International Physics 
Olympiad ], IChO [ International Chemistry Olympiad ] ), IGCSE ( IB ), CBSE, I.Sc, Indian State 
Board exams such as WB-Board, Karnataka PU-II etc since 1989. As I write this book in 2016, it 
is my 25 th year of teaching. I was a Visiting Professor to BARC Mankhurd, Chembur, 
Mumbai, Homi Bhabha Centre for Science Education ( HBCSE ) Physics Olympics camp BARC 
Campus. 
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I am Life Member of ... 

- IAPT ( Indian Association of Physics Teachers ) 

- 1 PA ( Indian Physics Association ) 

- AMTI [ Association of Mathematics Teachers of India ) 

- National Human Rights Association 

- Men’s Rights Movement ( India and International ) 

- MGTOW Movement ( India and International ) 

And also of 

IACT ( Indian Association of Chemistry Teachers ) 



The selection for National Camp ( for Official Science Olympiads - Physics, 
Chemistry, Biology, Astronomy ) happens in the following steps .... 

1 ) NSEP ( National Standard Exam in Physics ) and NSEC ( National Standard Exam in 
Chemistry ) held around 24 rth November. Approx 35,000 students appear for these exams 
every year. The exam fees is Rs 100 each. Since 1998 the NT JEE toppers have been topping 
these exams and they get to know their rank / performance ahead of others. 

2 ) INPhO ( Indian National Physics Olympiad ) and INChO ( Indian National Chemistry 
Olympiad ). Around 300 students in each subject are allowed to take these exams. Students 
coming from outside cities are paid fair from the Govt of India. 

3 ) The Top 35 students of each subject are invited at HBCSE ( Homi Bhabha Center for 
Science Education ) Mankhurd, near Chembur, BARC, Mumbai. After a 2-3 weeks camp the top 
5 are selected to represent India. The flight tickets and many other expenses are taken care 
by Govt of India. 
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Since last 50 years there has been no dearth of “Good Books". Those who are interested in 
studies have been always doing well. This e-Book does not intend to replace any standard text 
book. These topics are very old and already standardized. 

There are 3 kinds of Text Books 

- The thin Books - Good students who want more details are not happy with these. Average 
students who need more examples are not happy with these. Most students who want to 
“Cram” quickly and pass somehow find the thin books “good” as they have to read less !! 


- The Thick Books - Most students do not like these, as they want to read as less as possible. 
Average students are “busy” with many other things and have no time to read all these. 


- The Average sized Books - Good students do not get all details in any one book. Most bad 
students do not want to read books of “this much thickness" also !! 

We know there can be no shoe that’s fits in all. 

Printed books are not e-Books! Can’t be downloaded and kept in hard-disc for reading “later” 


So if you read this book later, you will get all kinds of examples in a single place. This 
becomes a very good “Reference Material”. I sincerely wish that all find this “very useful”. 

Students who do not practice lots of problems, do not do well. The rules of “doing well” had 
never changed .... Will never change ! 
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After 2016 CBSE Mathematics exam lots of students complained that the paper was tough! 
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CBSE assures remedial measures for tricky and 
tough Class XII Math paper 

Posted on: III 7 M.hi Updated on: :2 p! .Mai l 

IBNLIVE.COM O O O 

Mare+ 

After several students claimed that the Central Board of Secondary Education (CBSE) Class XJI 
board Mathematics examination paper was 'tricky 1 and tough, the board has issued a clarification 
on remedial measures which are likely to be taken before evaluation. 

The CBSE says that feedback received from various stakeholders like students, subject teachers 
and examiners will be put before the committee of subject experts. 
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In 2015 also the same complain was there by many students 
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Mews a India News 


CBSE Class 1 2 exam: Issue of tough 
maths paper raised in Parliament 

A senior Congress member on Thursday raised the issue of the tough mathematics 
question paper in the ongoing CBSE board examinations and asked the government to 
consider the issue "seriously". 


Last Updated: Thursday, March 19, 2015- 14:41 
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New Delhi: A senior Congress member on Thursday raised the issue of the tough 
mathematics question paper in the ongoing CBSE board examinations and asked the 
government to consider the issue "seriously". 


These complains are not new. In fact since last 40 years, ( since my childhood ), I always see 
this; every year the same setback, same complain! 

In this e-Book I am trying to solve this problem. Those students who practice can learn. 

No one can help those who are not studying, or practicing. 
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Learn more at http://skmclasses.weebly.com/iit-iee-home-tuitions-bangalore.html 

Twitter - https: / /twitter. com / ZookeeperPhy 

Facebook - https://www.facebook.com/IITJEE.bv.Prof.Subhashish/ 

Blog - http: / /skmclasses. kinja.com 
Blog - http://skmclasses.blog.com 
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Spoon Feeding Series - Differential Equation 

In any book solution techniques of various types of Differential equations will be given. But in exam 
when you get one, you are not sure of what type is it. So you have to try the various methods one by 
one 

The approach to solve Differential Equations would be as follows. 

Step -1 Check if the problem is of type variable separable 

If yes then solve it 

Else 

Step -2 Check if it is of the type exact. This is because it is easiest or fastest to solve differential 
equations of exact type 

Else step -3 Check if the problem is modifiable to “ Exact type “. ( by multiplying with a I.F ( 
Integrating Factor ) ) 

If you could identify the multiplying factor and modified then solve it as EXACT type 
Else step -4 Check if some differential coefficients can be squeezed ? 

Else step -5 check if it is homogeneous type ? ( or is it reducible to homogeneous ) ? 

Else step -6 check if it linear or modifiable to linear. 

Else step -7 check if it is of the form Bernoulli ( This is also modifiable to linear ) 

Else step -8 check if it can be written as D parameter and factorized. 

But before we proceed with examples and types of Differential Equations, it is important to recall the 
Integration rules or methods. ( This chapter assumes that the students is very good at Indefinite 
Integral. ) 

IIT-JEE IGCSE Home Tuitions South Bangalore by Prof. Subhashish Chattopadhyay and Team of Teachers 
http://iitieeigcse.simplesite.com/ 
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Recall the various tricks, formulae, and rules of solving Indefinite Integrals 

G) J-r L ^ <ijc= ^ tan ' 1 f +c 

J X 4 + a ct G 

(i\\ f ^ dx - — log — - * +C = — tanh" 1 (— ) + C 

J a 2 - x 3 a 2a a - * a U ) 

(iii) f *** dx - - l<ig + C = - - coth" L + C 

Km, J x 'Z-a 2 2a x+a o w 

(iv) | 


* = sia -1 — + C 


,/a 2 - x 2 



= log! x + ^x 2 +a 3 ! + c = sinh -1 ( ^ ] + c 


(vii) J dx = | + a 3 logl X + + C 

(viii) | Ja 2 -x s dx = + a* a “'(f ) 


(ix) 


(x) 


| <Jx 2 - aVx = ^xjx 2 - a 2 - a 2 M x + fe- a 2 lj + C 
|{px + <,)^F7b^dx = i J (2ax+ fo/ox* + &X+ c dr 

ax 2 + bx + c dx 
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* J e x dx = e x 
. J^ x dx = 

* f €? x cos bxdx = „ i2 (a cos bx -h bsmbx) 

or +0 

* flog xdx = s(logs - 1) -he 

* / ” dx = log | x | 4- c 

* J a x dx = a 1 log a? -he 

* f^ x sin bxdx = ~~~t (a shifts — ft cos 6s) 

f dz 1 1 a+x , _ 

* J — 2a “E a-x +C 

* f aXdx = ik +c 

f dx 1 i x—a , 

J -j?— or 2a z+a C 

* f esc x cot xdx = — esc x -h c 

* J esc 2 xdx = — cot x -h c 

• J( aX + b ) = a n+l + 6 $ n ' ne d 1 

• / («^) = i loE + 6| + C 

* J sec x tan xdx = sec x -h c 

* J sec 2 sds = tan a? 4- c 

J^ax+b 1 ^ ix-\-b _j_ 

• J cos (as -h b)dx — ^ sin(as -h 6) 4- C 

* f sin xdx = - \cos x + c$ 

* f sec 2 (as -h b)dx = ^ tan(as + ft) -h C 

* f cos xdx = sin x -h c 

* J esc 2 (as -h b)dx = cot (as -h ft) -h C 

* f esc (as -h 6) cot (as + ft)ds = esc (as -h ft) -h C 
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Some advanced procedures.... 


/ 


X 


dx 


{a + bxf 
ffl is <? + w integer 
dx 


! 


(a + bx ) J 


where either (m and p positive 
integers) or (m and p arc 
factions, but m + p = integers 
> 1) 


Put a + bx = z 


Put a + bx = zx 


J X m {q +4^")^ dx , 


where at, n, p me mtianaJs. 

fl) p is «+ we integer Apply Hinomia! theorem to 

( a + b>^) P 

<3) p ttd - iv integer Putx = z K where k = common 

denominator of m and n. 

(iii) * + ^ h n integer Put ( a + b/ 1 ) = z^ where 
If 

it ™ denominator of p. 

(iv> * — — + p is an integer Put a + bat? = 

* where k * denominator of fractiun 


P 
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Solve a Simple Problem 


J 


2>x + 1 


2.y‘ + .y + 1 


dx — 


\ 


3 t \ 

( ±(4x + \) + ± 

4 4 


= — f 

4 } 


lx 2 + x + 1 


f 4.y + 1 


dx 


J 




lx 2 + JC + 1 


/ 


dx+ - f 

a J 


dx 


- — log (2r + X + 1) + — 

4 2Jl 


tan 


_i 4 jc + 1 


Jf 


+ c 


Solve a problem 




-(1-t) 


1/2 


dx 


The LCM of 2 and 3 is 6 J 


Hence, substitute 


] - x = u ^ Then . dx = -6a ? du 


/ — f \ - - (—6u 5 du) = — 6j - — — 


l-u° 3 


1 -u 


= —6 J ( ] + u + 1/ 2 4- h 3 + u 4 4- « 5 J u dit 


= -6 


1 4 1 5 * 6 ] 7 1 8 1 9 

— u +— u +—u+—u +—u+—u 

4 5 6 7 8 9 


+ c 


Solve a Problem 
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Evaluate J cos2x log(! + tanx)dx. 


Solution: 

Integrating by parts taking cos 2x as the 2nd function, the given 
integral 


sin2x r sec 2 x sin2x 


tanx 2 
sinx 


- { Io s( 1 + tan *)} -~ n - - J ■— 

1 . „ . ,, A x r sinx . 

=* — sm2x !og(l + tanx)- —-dx 

2 ' Jsmx + cosx 

r sinxdx 

Now I — — 

J sin x + cosx 

1 r {sinx + cosx) -(cosx- sinx) 


dx 


-if 


Sin x + cosx 


dx. 


1- 


cosx-sinx 
sinx + cosx 


dx = - f v _ 


^■fx - log (sin x + cos x)]. 


Hence the given integral 
= ^sin2x log(l + tan x)-y[x- log(sinx + cosx)]. 

Recall how to integrate Linear X root Quadratic in denominator 

Find the value of the 


dx 


(j* + 1) ^/(I + 2x - Jt 2 ) 

! 1 1 ~ r 

Putting (jr + 1) - — , so that dx = — T dt , x = and 

t r t 


(1 +2x-f) = 1 + 2 


l-t 


) (1-0 2 _ 2 \( 

J r t 2 l 


we get the value of the given 


Ti) 

transformed as' 


1 \ 2 , 


-(t-iy 
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1 


1 2 
t VF 



dt 


-«-D 2 



+ C 



sin 


42 X 

(JC + i) 


+ C 


Another advanced example 


Example Evaluate [ - - = — = 

J jc V(1 + 


) 


Make the substitution (1 + jt") = / 2 or x n = (r — 1), so that 
n x n ~ l dx = 2 1 dt , we get 


r 2f cif _ 2 r _ 1 . t — 1 

J nx*t ~ n * (r -T) _ n n f + 1 





V(1 + x") - 1 
i/d+^") +i 


+ C 
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Similarly 


(a) 

m 

Arts . (h) 

Solution 


dA 


T ,og 


flog 


The value of integral f — is gi ven by 

X y 1 - A 3 * 

(b, I h ¥ ' - 1 




r + 1 


/l-J 3 -] 

i 


+ C 




+ c 


3 


(d) -log I I - .v 1 I + C 

3 1 


Vi - 


+ r 


+ ! 


Put I -.r* = r. Then — 3jrdi - 2/ di and Ihc inlcural becomes 



Solve a Problem 


J ^/secjc-l dx is equal to 

(a) 2 log 

V 

(b) log fcosf + f 


Jf | 2 x 1 

cos — + J cos — - — 
2 V 2 2 


\ 




2 x 1 ^ 

cos — — 


2 2 


(c) - 2 log 

(d) none of these 


f X 

I 2 x 

n 

COS h . 

J cos z — 

— - — 

2 1 

If 2 

2 j 


+ C 

+ c 

+ c 
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(c) t f ij&xx-l dx ~ fj 1 COVX ~ dx 
J * V cosjt 


= n\ 


sin 


x 




t 


dx 


= -a V2 \-=M 


z* - 


= -2 J 


If 

, Putting cos — * 2 sin - dx 
[ 2 2 

dz 






- -2 log 


z + jz - 


V2 


+ C 


= -2 log 


* 

cos — + 




+ C 


I 

; 
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Solve another problem 


I- J Vl+coseex 

= f f 

' | sinx J sinx 


f(l + sin x}(l-sin xj 


ain x fl - sin x) 


, dx 


[On rationalization] 


■f k 


- * 2 

1-3111 X 


= J 


am x - sin* x 

COS X 


Vein x - si 


sin 2 x 


. dx 

(a 

, dr 

[v 


sin x - z => cos xdx-dz 


dz 


■'jFFH) 


■/ 


. dz 


Add and subtract — bo the denom. 
4 

coeff. of x 1 ^ 






. dz 


H]=> 

i-j 


dz = dy 

\ 


l/(l/2) 2 -> 

(A)*' 

= sin 1 -7-— + c 

l W J 


dy 


By using f . ■ ■ * . dx - sin 1 * ) + c 

J UJ 


= sin -1 


[v y-z- 1/2] 
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Solve another Integral 


■if 


dx 


l + x 1 + jr , 
x- dx 


l+x 


[Multiply and divided by 1 1 + x)] 


q + x ) 3 

[ x(l + x) 


dx 


■I 


L + x 




. dx 


x + x 


Let us write : 


1 + * = \ . — Or + x 2 ) + p 
dx 

1 +x = X (1 + 2x> + p 

=» 1 + x - 2Xx + X + p 

Comparing the coefficients of x and the constant terms, we have 


-(11 


1 = 2X =? X = - 

and I = X + p => |in 

Putting the values of X and p in (1), 


— ■-H- 


Now 

Put 


and 


„ ,-*(1 + 2*)+* j 
1= r 2 2 . dx 


l 


x + x 


1 r 1+ 2x , 1 f 1 

1 . 1 


x + x 


'-2 '* + 2 •> 
1 + 2 * 


'. = 1 


A 


A 


dx 


fx +■ x m 

.r + ^ = ^ (1 + 2x) dx ~dz 


A2) 


i 4 +1 

I, = f -p- , dz = f z ,th = -—a + c j = 2 -fz + Cj 

J Vz J -± + l 


x + x* + e x 


*» = J • dr 


. 13 ) 


x + x 
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-J 

■J 


Add and subtract — to the denom. 
4 

, 2 

coefT. of x 


i)-j l v ■{ 

FlfriT 


Put 


j + — -z => dx = dz 


-I 


= log 


= log 


rm 


. dz 


-dr 


t + 


-d) 


+ c 2 = log 


By using | . --- .ck = log x + <fx 2 ~a 2 

J tJx 2 - cr 

H) + JH 


+ e 


- -- + 




* 2 +x 


+ Ci> 


...(4) 


From equation (2), 
1 = 2 Tl + 2 


[Using (3) and (4)] 
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Solve another problem 


Now 


and 


Put 


T f (ut’+6* j f ax , f bx j 
I= I ~ i ~T dx= 4 -*.dx+ — j -dx 

' 1 +C J X* + c* J JC 4 + c 2 

= a f - 4 - j . dx + b J ^ 

J x 4 + c 0 J Jf 4 + c* 


x + c 

I e a If + 6 Ig 

* X + c 

4J 

= ” logj x 4 + e 2 | +c t 

I 3 - f -1~T ^ 

" J x 

If 2x 

* 2 J (**}* +c * ** 

** = * => 2r<ir = <fe 


iJ 


2 J 


dz 


J2) 




- J 


[Multiply and divided by 4J 

f'(x) 


f(x) 


,dx = log1/(jc)l + t 


[Multiply and divided by 2] 


By using f — =-^ — ^ ,dx~ — tan 1 — + 1 
J r + a' a a 
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Solve Integration root linear plus root linear in denominator 


ify= J 


dx 


fix + 3 i* fi + 2 


, then / equals 


la) 2(u - v) + lag 


u -1 

w + 1 


+ log 


v-1 1 

V + l 


+c 


U = yjlx , v - 


U + 2 


(b) log 


+ 2 + y[lx + 31 
I Jx + 2 - fix + 3 


(c) log (y x + 2 + j2x + 3) + c 

(d) is Iran seed enud function in u and v, u - 
v = fiTl 

Ans, (a). Id) 
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r Jl\ + 3 - \ 1 4 

' - 


jj.'. 




where / 


1 ” J Jl + l J ^ ' 1 


Pul 


2 .v + 3 = r. in A- 140 lhat 

r i i >- 1 

=2 ^ + i ,o *|rn 


l 


1 + -r-- f 

j 


r - 1 l 


in / 2 . P* * 


+ 2 = >’■ s0 ^ 


Log 


ly^ 1 
|y + l 


+ r 
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Solve another Problem 


Evaluate 

Solution: 

We have 


J 


sin 


\n2xdx 


(a -vb ccwx)' ' 
sin2xdx 




(a + b cosx) 
Now put a + b cos x = t 
so that - b sin x dx - dt. 

ai (*-a) 

Also cos x = 


2 r (t-ayb dt= 2 


r= 2 J 


b 2 J[t 2 


••• '~!F= 


{ 


log(a+ b cosx) + 


a + b cosx 




sin x cosxdx 
(a + b cosx) 2 
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A special Integral 


J 


(1 - -Jl + x + x 2 ) 2 


dx 


x 2 7(1 + ~x + * 2 ) 

Here we set 7l + x + -* 2 - xt + 1, so that 


it -X , 2t 2 -2t + 2 

— , dx = — Jr ana 


(l-Vl+Jr + JC 2 ) = 


1-f' 

-2r +r 


(1-f 2 ) 2 


(1-r) 

Substitution of these values in the given integral transforms the 
problem in the form 

(- It 1 + tf (1 - f 2 ) 1 (1 - 1 1 ) ( 2 f 2 - 2t + 2 ) 


J 


(1 - r 2 ) 2 (2r - 1) 2 (r 2 - t + 1) (1 - / 2 ) 2 

1 + r 


dt 


= + 2 f— a- Jr = -2/ + In 
J 1-r 3 


i - r 


+ C 
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An advanced example 


ix 

1 x(\ + xe x f 

l e *(x+l) 

J xfQ+xe ) 2 

put 1 + xc x = f, (xe* + e T ) dx = dt 
, f dt _i( 1 , UJ. 

=-Iog|l-f|+log|f|-j + C = log 


dt 


t 


4 + c 




-log 


1 + xe* 

i + 

r 

-xe 

i l+xe x 


1-# 

1 + xg 

^ J 1 + xe 


X 


C 
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Order and Power of a Differential Equation 




The highest order differential coefficient in this 

d 2 y 

equation is — - and its power is 2. 

dx 2 

Therefore, the given differential equation is a 

non- tin ear differential equation of second order and second degree. 
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Another Example 


Consider the given differentia! equation , 



Cubing on both the sides of the above equation , we have 

djy ( dy Yf- 
dx 2 \ ) 

Squaring on both the sides of the above equation , we have 



d z y 

The highest order differentiai coefficient in this equation is — — 

dx 2 

and its power is 2. 

Therefore, the given differential equation is a non- linear differentiai 
equation of second order and second degree , 

We will see more examples at the end of the Chapter 
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Form the Differential equation by eliminating the unknown constants 


ae x +he 


Sol : xy = ae'' + he ' + c 

dy , ¥ 

. . .v — + v = ae - he 
dx 


X 


\ A 


A 


X 


dx 2 1 dx + 

- — - = ae 
dx 

dy 

dx? dx 

\Ji 

1 

$ 

II 

d'y 

d 2 y 

| 

1 2 = 

dx 

dx 2 

dx 2 

d \' d i i 

' — t + 3 — ^ 

9 dy 

, x ' 


dy 


dx 


V 


dx- ~ dx 


dx 


v = 0 is the differential equation. 
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Another common example to find the Differential Equation 


Find the differential equation of all circles of radio us 


Sol: The family of circles of rad ions 'a ' in a plane is 
x-h '+ y-k = a 2 >(I) 


jlane. 


-» ( 2 ) 


where h, k me parameters. 

1 x-h +1 y-k — = 0 - 

f 1 ' dx 


. , d y dx dy „ . 

*. ]+ V~k — V +— - = 0 =>y-k 

dx 2 dx dx 


i+i* 
dx 

d 2 y 

dx 2 





dy 

From (2), x-h = - y-k — = 

dx 


1 "f 


dy 

dx ) dy 

> (4) 


£y dx 
dx 2 


Substituting (3) and (4) in (1) we get 
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Substituting (3) and (4) in (1) we gel i + 

V -k =- 


UJ 

2 

dy 

j 

-L 

r 

ri 

+ 

L 

d'-y 

dx 

T 

d 2 y 

dx~ 



dx 2 


f£V 


-a'. 


d\ y 

dx 1 

f,hA 2 


! + 


'4- 

l dx 


V 


t/’.v 

dx 2 


x-h = 


dy 

dx j 


( ^ 

4.1 

\dxj 

1 


= cr. 


d_y dx 
dx 2 


{dx 


- 1,1 


r d 1 y 
v dx 2 j 


r=- = cc is ihe differential equation. 


■>(3) 


dy 

-r -><4) 
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Now let us see Differential Equation types 

1 ) Let us see an example of variable separable type 


dy 

Sot Given — — 1 + ,x + v + xy 
dx 

= 1 +*v+ v(l -Kv) 


= (J +Jf)(l+ v) 


dy 
d v 


1 .1 > Solve 


So 


= (1 + x)dx 


dx 


+ 


r2 


= 0 


/ v dv + f I 




dx 

x 2 = c 


f— = kl + x)dx + c 

J \ + y J 

2 

log(l + v) = x+^-+c 
2 

Which is the required solution. 


1.2 > Solve 

{ 1 + t 3 ) dy = x /i/ * dx 

<h 

So 1-a- 2 = v ~ Integrate both sides. You get 

2y/y - tarr 1 x = C 
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i. 3 >sotve ydx + xdy = 0 


Divide throughout by xy and we get 

" * ■ f 1 — 


( So Multiplying factor or Integrating factor is 1 / xy ) 
So solution are 


1.4 > Solve 

(x — y 2 )dx + 2 xy dy = 0 

Will become variable separable after substitution 

2 2 

Substitutev= and then divide by 3 '" 


1 .5 > Modifiable to variable separable by substitution 
dy / dx = root ( y-x ) 

Now as is it is not variable separable 
Put y-x = u 2 so dy/dx - 1 = 2u ( du / dx ) 

So 2u ( du / dx ) = u - 1 

=> dx = ( 2u / ( u -1 ) ) du = 2 ( 1 + ( 1 / ( u - 1 ) ) du 

=> x + c = 2 ( u + In | u-1 1 ) 

=> x + c = 2 ( root ( y-x ) + In | root(y-x) - 1 | 



SO 



= lofti 1 . i.e.. xy = / : or log xy = logf'. i.c.. xy — C 



CBSE Standard 12 Math Survival Guide-Differential Equations by Prof. Subhashish Chattopadhyay 
SKMCIasses Bangalore Useful for I.Sc. PU-II AP-Maths IGCSE IB AP-Mathematics and other exams 


CBSE Standard 12 Math Survival Guide-Differential Equations by Prof. Subhashish Chattopadhyay 
SKMCIasses Bangalore Useful for I.Sc. PU-II AP-Maths IGCSE IB AP-Mathematics and other exams 


Reducible to Variable Separable 


dy 


— - f( ax + by + e) 
clx 

Lei ax + by + c = v 


dv i _ 

— — v " +3 

J.V 


dv 


dv 


+ V + 4| 


v~ + 3 
dv 


- dx 


Solve — =|3v + v+4| 

dx 




Sol: Given 


dy 

dx 


=[lv+v + J 


Let 3.v + v +4 — v 


dy dv 

,\3 + — = — 

<£v dx 


->( 2 ) 


-*(3) 


/IX 1 I V 

(1) — j-tan — jsr = A+C‘ 

V3 S 

The solution of the given d.e. is 

1 3.V+V + 4 

tan — - - x + c 

V3 V3 


Eliminate v, by substituting (2), (3) in ( l ) 
dv 

dx 


dv 

3 = v 
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2 ) Exact type 

A differential equation written in the form 

jl / d.r + N dy ^ 0 

SM dN_ 

is Exact if 

■vVv 

2.1 > Solve (^ + 2a)Tdar + {x 2 - y 2 ) dy = 0 

Observe » = + and U = (^- y?) 

Also it is already in Mdx + N dy =0 form ( Else before 

* VvVWvVv VvWW^- 

testing M and N it has to brought to left ) 

dm md*j ^ ‘ix anc | dbijdx = 2t 

VvWvVv 

So it Exact. 

Solution is ' M 0* + • ( Those terms of N without x ) dy 
= C 

So x 3 / 3 + 2y x 2 / 2 + (-y 3 ) / 3 = c 

In M 2y is treated as constant and -y 2 is only taken out of N 

Finally *** + ~ = C 
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2.2 > Solve fay 2 + + yx 2 dy = 0 


W.ir ,, , , 

— = — [xy- + x\ = 2xv 
r)v flv 


an 

Ax 



= 2xy 


So Solution is J + - 1 ') ax + J ( o ) dv = c ( Note there 

VvWv VvW 

are no terms in N without x ) 

=>y 2 tj?/2 ) + ( x 2 / 2 ) = c 


3J Ways to convert an equation, which is not Exact type to 
Exact by Guessing the Multiplying factor 

ifth' — i dy = i 1 i s no t Exact type 


_ 2 

We can guess that multiplying by r * a ' y > or V 
Changes this to Exact. ( So it is just an intelligent guess ) 

W'WW WH> fl W^ WWWWWWWWWWWWWW'0* WWW'* — 

Other Guesses 


Since d = x ™ ty* 1 ( m !/ ^ + «*%) 


It has I.F of the form 


X m-ty7i-l 




pkm— l — o ykn— i -$ 


value of K 


is an integrating Factor for any 
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3.1 > Solve 

y 3 (y dx — 2 xdy) + x 4 (2 ydx + x dy) = 0 

As given it is not exact. But by multiplying throughout by 
It becomes Exact 

Check if the final answer is “ » ' ~ f ’ x * 

3.2 > (» 3 - <** + t 2 ^ - 1 3 ) dy = 0 seems t0 have ™ 
as Integrating Factor 

If the equation is of the form '■ r - ‘ - k ( ' r - u)* d V = 0 

Then 1 / ~ is an Integrating factor 

{ 1 + Ty) ydr + ( \ - xy)xdy = 0 

has 1 / 2xy as the l.F 

It is difficult to remember the following 

i ( m. „ rftxidz 

If v \ ^ *** ) is a pure function of x then 

i /M. _ *M\ 

0r v i* * ) is a pure function of y then * 


4 ) Can we squeeze the differential coeffs ? 

( Special Exact Differentials ) 
d(xy) = (dx)y + x ( dy ) 
d(ln | xy | ) = ((dx)y+ x(dy) )/xy 
d(x 2 +y 2 ) = 2 x dx + 2 y dy 
or x dx + y dy = (V 2 )d(x 2 +y 2 ) 
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d( x 2 y 2 ) = 2x dx y 2 + x 2 2 y dy = 2xy ( y dx + x dy ) 

So y dx + x dy = ( 1 / 2xy ) d ( x 2 y 2 ) 

NT JEE IGCSE IB Home Tuitions in South Bangalore by Prof. Subhashish Chattopadhyay and Team of 
Teachers 

http://skmclasses.weeblv.com 



xdv — vdx , ' a* 

* t — 
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Don’t forget 


© dx + dy = d ( x + y ) 

Vv Wv VvW- * 

dx - dy = df x - y ) 


4.1 > Solve 

xdx + (y - *Jx~ + v 2 )dy = 0 


Reorganize as 


xdx + ydy , 

, ' '■ = dx 

12 2 

v A " + y 



4.2 > Solve 

( x 2 + y 2 + y\dx - xdy = 0 


Reorganize to write as 


, ydx — xdy 

dx + - — ^ y~ 

x + y 


= 0 





d 

tail -1 

-> dx = 


K X )j 


■vVWv 
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x - tan 



So 


X 


= C 


5 ) If powers of all terms are same in Numerator and 

VvWv 1 

Denominator then homogeneous. Put v= vx Differentiate 

* ■■/vvVv'A'vv*: VvW- 

and proceed 


5.1 > Solve =.J2x+3y) / ( 4x + 5y) 

Put y = vx 

dv dv 

_L . v+ x — 

dx = ( 2x + 3vx ) / ( 4x + 5vx ) see x cancels out 

dv 

V 4 X — 

=> dx = {J2 + 3v ) / ( 4 + 5v ) This variable separable 
type and gets solved easily 


dy x 4 y 

5.2 > Solve djc 


Put y = vx 

WvWvWv'A- WvV- 


dy , , dv 

_L. v+x— 

dx dx 


So 


V t X 


,dv 

dx 


X + vx 


- 1 4 V 


X 
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=>■ 


*-r- * 1 

dx 


=. p-if 


=> v = Ln x + c or In x + In c = In ( xc ) 

WWW- VW- VW- VW- VvW 


5.3 > 

dy xy* x z 

Solve d * 

Put y = vx 

^-V + X^ 

=> dx dx = ( xvx + x 2 ) / ( v 2 x 2 ) ( x 2 cancels out ) 

WWWW^A 

dv 

V + x — - 

dx = ( v + 1 ) / v 2 

wwv 

This is variable separable type 
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Let us discuss an example of modifiable to Homogeneous form 


Solve 2 a + v + 1 clx + 4.v + 2 v — 1 dy - 0 


Sol: Given 2x + v + 1 dx + 4x + 2y — 1 dy — 0 

dy 2_v-f y + 1 1T 2 1 

dx 4x+2y-\ 4 2 

dy 2a + v + 1 ... 

A — = - >(1) 

dx 2 2x + y -1 

Let 2 a+ y - v - — — > (2) 

. t _ dy dv 

sothat 2 + — = — M3) 

dx dx 

Eliminate y. by substituting (2),(3) in (1) 
dv ^ _ v + 1 
~dx~ “ 

- c lL-i 

"dx~ ~2v-\ 


dv ^ v + 1 
"dx~ ~2v-l 


4v — 2 — v — 1 
2v — 1 


. 2v-l 

v — 1 


dv = 3dx 


3v-3 

2v- 1 


2v + log \v - 1| = 3x +c 


The required solution is 


2 ^2a + 0 + log 1 2 a + v — 1 
i.e., x + 2_v + log |2x + y — 1 


= 3 x+c 
= c 
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Next example is more advanced example of modifiable to Homogeneous 
5.4 > 

Modifiable to Homogeneous 

Solve ( 2x 2 + 3 y 2 - 7 )x dx - ( 3x 2 + 2 y 2 - 8 ) y dy = 0 
As is this is not homogeneous 
But put x 2 = u and y 2 = v 

So ( 2u +3v - 7 ) du - ( 3u + 2v - 8 ) dv = 0 

vvVW-.-V- 1 

By technique described below this can be Reduced or 
modified to homogeneous 

Reducible to Homogeneous 

(qt + by + c)dx + (o' x + b'y + c / ) dy = 0. 


Put v = x+h and y = w + k 

Find h and k such that constants become zero 


f/c - be 1 - a f c 

h = ti’b - f if/ k = fl< b~ a,J * 


S.5> Solve f3x/ — 7-r — 7)rfj- + = Q 

Put y = Y + h and x = X + k search h and k such that 

‘vWvWvVvVv 

constants are zero 
h = - 1 and k = 0 

So Y = v X will solve this 

WvV-AA-WvVv 


6 ) Linear 


+ p(x)V * q(x) 
dx 


The Integrating factor is exp( J p dx ) 

v Jpd* - fW pd *dx+C 

J " " where c is the constant of integration 

VAWAV-AVv W 
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Solve 


G 4* I dy 


Sol : Given equation can he written as 


2^ 


v dy 


yfx >fx dx 
dy v t? 

/. — + -W = — f=^ which is linear. 
dx dx dx 

I 

Here P = - r . Q = —j^ 
dx dx 

id 

\pdx= =-l- = 2-Jx 

Va- _i +1 

2 


:.IF = J n “=e^ 

The solution is 
y IF = jQ IF dx + c 


v-e 


i.e.. 


\.e.. 


r re 1 ’* 

2^7 ft 7. 




F 


e^dx+c 


ye 1 * = [— L=c/a+c 

J dx 

ye 1 * *2 4x+c 
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x + y . 3x 2 

6.1 > Solve d5f 


Convert to P(x) , Q(x) form 


dx x 




=> x 


=> I 


WvWWW- 


.F = J F = 1 x dx = Ln x 


WWV VvW- 


e JPdx _ e iogx _ x 


So solution is 


= > 


y , x • J3x (x)dx + C 


3x 3 „ 

xy - — - + C 

:> 


=> xy - x 3 + C 


6.2 > 

dy/dx + ( tanx )y = «>**(*) 

■vV^A-VvWv 1 * 

I p_ e S *«<*)* - £-ln<«w(0) _ £ ln<Mc{f)) _ sec ^ j 

Multiply with Sec x throughout we get RHS as 

j sec(^)cos J (a:)da! = j eos(#)dj? = sin(x) 

— s ^ D ( <r ) tSi = f + c) cos(^) 

sec(jr) ' ' 


So Solution is 
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Modifiable to Linear 

6.3 > y v’ Sin x = ( Sin x - y 2 ) Cos x 
Put y 2 = u => 2 y y’ = du / dx 

' VvWvVv # Vv WvVv 

(( Sin x ) / 2 ) ( du / dx ) = ( Sin x - u ) Cos x 
=> ( du / dx ) + 2u Cot x = 2 Cos x 

\WAWv ■vWW 

This is linear 

So Integrating Factor is exp ( 2 ^ Cot x dx ) 

* * 1 Wv'-.-'v WvVv 

= exp ( 2 In sin x ) = Sin 2 x 

■ \Awv VvV 

=> Sin 2 x ( du / dx ) + 2 u Sin x Cos x = 2 Cos x Sin 2 x 

VvWvW- WvVv 

=> d/dx of ( u Sin 2 x ) = d / dx of ( 2 Sin 3 x ) / 3 

WvVv ■■A'Vvv WvVv 

=> u Sin 2 x = (2/3 ) Sin 3 x + c 
=> y 2 = ( 2 / 3 ) Sin x + c Cosec 2 x 

6.4 > Solve dy / dx = ( 2xy ) / ( x 2 - 1 - 2y ) 

Rewrite 2x j^dx / dy ) - ( x 2 / y ) = -( 1 + 2y ) / y 
Put x 2 = u So 2x ( dx / dy ) = ( du / dy ) 
= > du/dy-(1/y)u = -(1 + 2y)/y 

This is linear in u and y 
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Integrating Factor ex£(- J { 1 / y » dy = exp ( -In |y| ) = 1 

f y 

f 1 / y ) ( du / dy ) - u / y 2 = - ( 1 + 2y ) / y 2 

VvVvV * V-Zv'r'vW- VvW- W- * * * 

=> d/dy f u /y ) = -1 / y 2 - 2/y 

=> u / y = 1 /y - 2 In y + c 

W- * * Wv^ * 
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=> x 2 / y = 1 / y - 2 In y + c 

■vWv * * VW * 


7) Bernoulli’s Eqn lw " T ' ^ 
Divide by 7 and multiply by 1-n 


dyfdx + Py = Qy 



Put 7 ' changes to dv/dx+ (l-n)Pv = Q(1-n) 

* ■■AWvV-WvV- ■vWW 


CBSE Standard 12 Math Survival Guide-Differential Equations by Prof. Subhashish Chattopadhyay 
SKMCIasses Bangalore Useful for I.Sc. PU-II AP-Maths IGCSE IB AP-Mathematics and other exams 

7.1 > Solve 


dyjd x + x sin 2 y = x 3 cos 2 y 
Divide by os V. Put Tan y = v 


Solve a — + y = x~ v 
dx 


Sol: Given equation cun he written as 


i 

— + — v = .vy'\ Which is Bernoulli's equation. 
dx x ' 


. -6 dy 1 

■- y — + — v = a 


dx x 
Lei v" 5 - v 


-» CD 


->( 2 ) 


■>(3) 


i . c -f, dy dv 
so that -5v — = — 

dx dx 


Eliminate y, by substituting (2),(3) in ( 1) 

1 dv 1 

+ — v-x 


—5 dx x 


t dv 1 

H V — X 


—5 dx x 

— l — — v = —5a which is linear. 
dx x 

—5 

Here P = — . Q = —5a 
x 


■'* f P dx - f — - dx = —5 log x — log a' ^ „ 1 

J J A l.e., r 


The solution is 
v IF = |<2 IF dx+c 

y 5 ■ x ? = | -5 a a 5 dx+c 


.\ y -5 ■ x * — -5 ■ 


A 


4 I 


-4+1 

5 


+ c 


=0***' = A 5 


5 ,.5 ..1 

3 A 


+ c 


V a 


IF -e J - e 
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Solve — + x sin 2 v = x ' cos 2 v 
dx 


Sol: Given equation can be written as 

1 <r/y 2 sin y cos y a 

1 “ ' = x 

>( 1 ) 

Let tan y = v > (2) 

so that sec 2 v — = — > (3) 

' dx dx 

Eliminate y, by substituting (2), (3) in ( l ) 
civ 

— + 2.w = a 3 which is linear. 
dx 


COS 2 V dx 


COS‘V 


2 dy _ 5 

sec y — + 2.x tan y = a 


Let a 2 = t so that 2xdx = dt 
Here P = 2a, Q = x * 


j/y.v= 

{lxdx = x 2 


\ptlx 2 

II 

^ =e 

The solution is 

v IF = 

jo IF dx 


/. tan y e x = [rV dx + c 


JaW/a = jie 1 jdf 

-i[. (-W] 

= -e r /-l 

2 

solution is 

,j ] 

t jl tan v = — c jX x" — 1 + c 

2 
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8 ) Factorise in D form 
D is d by dx operator 
8.1 > 

Solve (O 2 + 14P-32) » = 0' 


1)1 - 1 iD - 33 = 0 factorize and get D = 2 and -16 
sody / dx = 2 or dy/dx = -16 

■vWv w-Jv- wvw 


, — Itijr 


Unequal roots gives V ~ * lf ~ s + * 2C 

L VvVvVvvvVvVvWvVvVvVvv 

If Equal roots then {( '* +■ ( ' = y where ml is the root 

WyWkAAAAAAAAAAAAAAA^ ^ 


S.2> Solve ri5 w/ ,t|J + = 0 

=> ( D A 2 + D + 1 )y = 0 

■■A-v '.■■■■■■■ ^ 

Gives imaginary roots so if = *** 005 P x ) 

Where root is . <x + i P - i 3 form 


8.3 > 

Solve x + 2x - dy/dx — 2y = 0 


Put v *™ 

We get m t. m — ij + 5 (tj> — i) = u 

(jn + a) (m - I) =0 

m = -2 and m=1 

wwwwww 

So y = ^i r + 2 

vVvVvvvVv 
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To recall standard integrals 


/U) 

J f(x)tLr 

/ {*) 

J f(*)dx 

x n 


1 btrjrvw 

(»#-D 

r 

lit fx | 

3<*> 

In 

c* 

e* 

a 1 

fa l“>°) 

siu x 

— COthX 

si nil X 

coshx 

COST 

SlUT 

coshx 

sinJi -r 

tiVU X 

- Ill [cos X 

laiilix 

lllCCfiikX 

CO sec X 

Ini 

[ 1 HIl £ | 

cosech m 

In lanli £ 

KCCX 

In |secx + tanxf 

sedix 

2tfUi -r r I 

sw 2 x 

tanx 

sedi a x 

imili x 

COtiT 

In 

siux 

cot b x 

In jsmh j* 

sin 2 x 

X Mil 2x 

-5- 4, 

smlr* x 

> 111 1 1 2x x 

l 2 

cos -1 X 

x , .fin 2x 
7 T — 

cosir x 

>inli 2t . x 

+ ? 
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Clairaut’s differential equation 

NT JEE 1999 
Solve 



0 is 


(a) y ■ 2 (b) y = 

(c) y * 2* - 4 {efy y - 


lx 

2x 2 - 4 


Solution — Given equation is of Clairaut's form 
put ~ P- Then equation is 

y = px ~ p 2 

Put p « c, we find 

y - cx - c 2 , where c is any constant 
choose c - 2 

y = 2x - 4 


Clairaut’s Equation : 

The differential equation of the form 

y = px + ftp); 

is called Clairaut's equation. Its primitive is 

y = Cx + ltC) 

and is obtained simply by replacing p by C in the given equation. 


Example : Solve p 4 - (x + 2y +■ 1) p J + (x + 2y + 2xy) p 2 - 2xyp “ 0 
or p(p— 1> <p — *£> (p-2y) = 0. 

The solutions of the component equations of first order a nd first degree. 


Sol. 


dy dy dv _ dy _ A 

•-“0, — *1. — - 2y = 0 

dx dx * dx * dx 


are respectively y — C 0, y — x — C«0, 2y-x--C-G # y — C Cr 2 * = 0, 
The primitive of the given equation is 

(y-C)(y-x-Q(2y — x 2 — CHy-Ce 2 *)^ 
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More Examples 


Question 1 

Given an Equation (dy/dx) ( y + x - 1 ) - (dy/dx) 2 x = y 
Take dy/dx = p 

The equation is 

P 

y-p x~-^- 

p-\ 

or, y=px +— — 

p-t 

It is of Clairaut's form, hence its solution is 

, c 

y = cx + — 

C- I 
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Question 2 

Given an equation ( dy/dx ) 2 (x 2 - a 2 ) - 2xy(dy/dx) + y 2 - b 2 =0 
Take dy/dx = p 
So 

The given equation is 



V - * V + J ' 2 “ * 2 = o 

or. 

y 2 - 2 pxy + p^x 2 = tPp 2 + b 2 

or. 

(y - px) 2 * ctp 2 + b 2 

or. 

y ~px = ± yja 2 p 2 + b 2 

or. 

y~px± yja 2 p 2 + b 2 


Both the component equations are of Clairaut’s form 
The solution is 



or, (y - ex) 2 - oV + b 2 
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Question 3 

Given an equation ( x - a ) ( dy / dx ) 2 + ( dy/dx ) x = ( 1 + ( dy / dx ) )y 

The given equation is 
(x~a)p 2 +px=(\+p)y 
or, , (1 +p)y =px{p+ 1 ) -ap 2 

ap l 

or, . y =px- — 

p + I 

which is of Clairaut's form and hence its solutioin is 

ac 2 

y m cx- 

c + 1 

Question 4 

Solve (dy/dx) 2 x 2 - 2 (dy/dx) 2 x + 2py - 2pxy - px + 2p + y 2 + y =0 
So question is what is Clairaut’s Differential Equations ? 

The given equation is 

p 2 x* - 2p~x + 2 py - 2 pxy - px + 2p + y 2 + y m Q 
or t (y 2 - Ipxy+fTx 1 ) + 2p{y -px) + (p-pjr) + 2/7-0 
or, (y -px) 2 + (2/7+1) (y -px) + 2/7*0 
or, + 2p)0“/7jr + 1)*0 

Both the component equations arc of Oairaut's form and 
hence the solution is 

(K- ex + 2c) iy - ex + 1 ) = 0 
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Another Example 


Solve (! + + Jiy == xV . 

(BIHAR CEE 1999) 


Solution — (l + 
l dy 

w 

x 1 x l 

1 —~j m n m *— * 


y l dx 

l + x 2 y* 1 + x 2 


l 

- 2 dy dv 

Pul 

"j 

v- 

w 

v * y* dx ~ dx 


1 dv 

X X 3 

— ti — 

* 

■ ■ 

-2 dx 

1 + 1 + X 1 


dv 

2x - 2x* 


Ik 

l + $ V l + X 2 
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Now LF 





e-tagd + x 3 ) 


I 

I + x 2 


The solution is 

I f x y 

v- (i + i-) " - 2 J (i + x>y- * + c 

1 + j r 2 - i, 2xdx m di 

j-p-Jk 


Put 


I + A- 
V 

l + jf J 


+ c 


m I + X 2 

Returning to y 
1 

y 1 ( I + jc 1 ) 


- - J[? " A] 4 '' + c 

- - Mog/ + ;j + c 

- _ |log{l + jrJ) + y-Jp- , 

_ Jl0g(1+jr 2 ) + y^yj + c. 
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More examples teaches us better 

The order of a differential equation is the order of the highest derivative included in the 
equation. 

Find the order of the following Differential Equations 


1. 

2 . 


ih-+ v 2 .v = 2.x 
ax " 

& + xf + y = Q 
dx 2 ■ 


3. 10j M -v = ^ 

4. ——Xr — X —y~ + (1 — Jt) V = sill T 
dx 3 dx 

1 . The highest derivative is dy/dx, the first derivative of y. The order is therefore 1 

2. The highest derivative is d 2 y / dx 2 , a second derivative. The order is therefore 2 

3. The highest derivative is the second derivative y". The order is 2 

4. The highest derivative is the third derivative d 3 / dy 3 . The order is 3 


Another example 

rf 3 * 

dt 3 


d 2 * f dx ) 7 _ c 


The hi^iest order difftrcntial coeffkient is 


fx 

dt 3 


and its power is 1. 


So, it is a no nH inear dfferenbai equation with orde 3 and degree 1. 
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Another example 



Itas is a polynomial n — , 

dx 

Hie highest order differoitial coefficient is — and its power is 3. 

dx 

So, it is a nocH Blear dffersntial equation with order 1 aid detp ee 3. 


Which of these differential equations are linear? 


4 ? 

dx 


!■ %-+x 2 y = x 


2 . 

3. 

4. 


;V 3 = 3.s 


laf 2 V 
x dx 2 

dx$ dx 2 ^ 


1. Both dy/dx and y are linear. The differential equation is linear 

2. The term y 3 is not linear. The differential equation is not linear 

3. The term In y is not linear. This differential equation is not linear 

4. The terms d 3 y / dx 3 , d 2 y / dx 2 and dy / dx are all linear. The differential equation 
is linear 
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Determine the order and state the linearity of each differential below 


.cPy. 4 , 0 dv 

( — -y + 2-i-= sin x 

dj? * 


2 . — — 2 x y=x 2 —x 

dx 

3. --sin y=-x 

dx 


4. 


dy_ = 

dx 


2 x v 


1 . order 3 , non linear 

2. order 1 , linear 

3. order 1 , non linear 

4. order 2 , linear 
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Example of a variable separable type 


Solve 3e 1 tan ydx +(1 + ^ )see 2 yclv = 0 

sT 

aiven v = — when x - 0. 

' 4 


Sol : Given 3e" tan ydx + (1 + e K ) sec 2 ydy = 0 
Dividing with tan y ■ ( I + e A ), we gel 


3*? 1 sec’v 

clx H — — - dx = 0 


\ + e K 
3e* 


tan v 


C *e rsec y . 

. — dx+ —dy 

J tan y 


c 


3 log{l + e* )+ log( tan y ) = log C 


(1 + e 0 ) 3 tan- = C->C = 8 
4 

The required solution is 
(X + e^tuiy =8 


n 


(I +e l ) tan y — C 

71 

Put v = 0 and v = — 

4 
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